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Abstract. In this note we define moduli stacks of (primitively) polarized K3 spaces. We 
show that they are representable by Deligne-Mumford stacks over Spec(Z). Further, we 
look at K3 spaces with a level structure. Our main result is that the moduli functors of K3 
spaces with a primitive polarization of degree 2d and a level structure are representable 
by smooth algebraic spaces over open parts of Spec(Z). To do this we use ideas of 
Grothendieck, Deligne, Mumford, Artin and others. 

These results are the starting point for the theory of complex multiplication for K3 
surfaces and the definition of Kuga-Satake abelian varieties in positive characteristic 
given m our Ph.D. thesis |Riz05| . 

Introduction 

In this note we will consider moduli spaces of K3 surfaces with a polarization. For a 
natural number d and an algebraically closed field k, a K3 surface with a polarization of 
degree 2d over is a pair {X, C) consisting of a K3 surface X over k and an ample line 
bundle £ on X with self intersection number (£, C) = 2d. The moduli space of polarized 
K3 surfaces with certain level structure over C is constructed as an open subspace of the 
Shimura variety associated with S0(2, 19). Over Z we use techniques developed by Artin 
to show the existence of such spaces. 

In various places in the literature one finds detailed accounts on coarse moduli schemes 
of primitively polarized complex K3 surfaces. We outline in Section 14.31 two approaches 
to the theory, one via geometric invariant theory ( |Vie95j ) and another via periods of 
complex K3 surfaces ( jBBD85l Expose XIII] and jFri84t §1]). Here we take up a different 
point of view and work with moduli stacks rather than with coarse moduli schemes. In 
this way, our exposition is closer to |Ols04j where moduli stacks of primitively polarized 
K3 surfaces and their compactifictions over Q are constructed. We define the categories 
J^2d and Ai2d of primitively polarized (respectively polarized) K3 surfaces of degree 2d 
over Z and show that they are Deligne-Mumford stacks over Z. 

For various technical reasons we will need to work with algebraic spaces rather than with 
Deligne-Mumford stacks. In the case of abelian varieties one introduces level n-structures 
using Tate modules and considers moduli functors of polarized abelian varieties with level 
n-structure for n G N, n > 3. These functors are representable by schemes. We adopt a 
similar strategy in order to define moduli functors which are representable by algebraic 
spaces. For a certain class of compact open subgroups IK of S0(2, 19) (Aj) we introduce the 
notion of a level K-structure on K3 surfaces using their second etale cohomology groups. 



2000 Mathematics Subject Classification. 14J28, 14D22. 
Key words and phrases. K3 surfaces, Moduli spaces. 



2 



JORDAN RIZOV 



Further, we introduce moduli spaces T2d,K of primitively polarized K3 surfaces with level 
K-structure and show that these are smooth algebraic spaces over Spec(Z[l/AiK]) where 
A^K G N depends on K. These moduli spaces are finite unramified covers of J-'2d- Important 
examples of level structures are spin level n-structures. These are level structures defined 
by the images of some principal level n-subgroups of CSpin(2, 19) (A/) under the adjoint 
representation homomorphism CSpin(2, 19) S0(2, 19). We denote the corresponding 
moduli space by J-'2d,n<'p- 

Let us outline briefly the contents of this note. In the first few sections we review some 
basic properties of K3 surfaces. Then we continue with the study of the representability 
of Picard and automorphism functors arising from K3 surfaces. The core of the problems 
discussed here is Section 14.31 in which we define various moduli functors of polarized K3 
surfaces and prove that those define Deligne-Mumford stacks. In Section 15.11 we define 
level structures on K3 surfaces associated to compact open subgroups of S0(2, 19) (Aj). 
In the last section we show that the moduli functors of primitively polarized K3 surfaces 
with level structure are representable by algebraic spaces. 

Notations 

We write Z for the profinite completion of Z. We denote by A the ring of adeles of 
Q and by Aj = Z ® Q the ring of finite adeles of Q. Similarly, for a number field E we 
denote by A^; and Aej the ring of adeles and the ring of finite adeles of E. 

If A is a ring, A ^ B a. ring homomorphism then for any A-module (A-algebra etc.) V 
we will denote by Vb the -B-module (-B-algebra etc.) V ®a B. 

For a ring A we denote by (Sch/A) the category of schemes over A. We will write Sch 
for the category of schemes over Z. 

By a variety over a field k we will mean a separated, geometrically integral scheme of 
finite type over k. For a variety X over C we will denote by X'^^ the associated analytic 
variety. For an algebraic stack over a scheme S and a morphism of schemes S' ^ S we 
will denote by J^s' the product JF S" and consider it as an algebraic stack over 5". 

A superscript ° indicates a connected component for the Zariski topology. For an 
algebraic group G will denote by the connected component of the identity. We will 
use the superscript to denote connected components for other topologies. 

Let be a vector space over Q and let G "—>■ GL(l^) be an algebraic group over Q. 
Suppose given a full lattice L in (i.e., L ^ Q = V). Then G'(Z) and G(Z) will denote 
the abstract groups consisting of the elements in G{Q) and G{Af) preserving the lattices 
L and respectively. 
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1. Basic Results 

1.1. Definitions and Examples. We will briefly recall some basic notions concerning 
families of K3 surfaces. 

Definition 1.1.1. Let k he a field. A non-singular, proper surface X over k is called a 

K3 surface if Qj^/,^ = Ox and H\X, Ox) = 0. 

Note that a K3 surface is automatically projective. Let us give some basic examples 

one can keep in mind: 

Example 1.1.2. Let S* be a non-singular sextic curve in P| where A; is a field and consider 
a double cover i.e., a finite generically etale morphism, tt: X — > which is ramified along 
S. Then X is a K3 surface. 

Example 1.1.3. Complete intersections: Let X be a smooth surface which is a complete 
intersection of n hypersurfaces of degree di, . . . ,dn in P""^^ over a field k. The adjunction 

formula shows that ^"^x/k — ^x{di H h rf„ — n — 3). So a necessary condition for X to 

be a K3 surface is di -I \- dn — n + 3. The first three possibihties are: 

n = 1 di = A 

n = 2 di = 2,d2 = 3 
n = 3 di = d2 = ds = 2. 

For a complete intersection M of dimension n one has that H^{M,Om{'>ti)) = for all 
m e Z and 1 < i < n — 1. Hence in those three cases we have H^{X,Ox) = and 
therefore X is a K3 surface. 

Example 1.1.4. Let A be an abelian surface over a field k of characteristic different 
from 2. Let A[2] be the kernel of the multiplication by-2-map, let tt: A — > A be the 
blow-up of A[2] and let E be the exceptional divisor. The automorphism [—1]a hfts to an 
involution [—1]^ on A. Let X be the quotient variety of A by the group of automorphisms 
{id^, [—1]^} and denote hj l : A ^ X the quotient morphism. It is a finite map of degree 
2. We have the following diagram 



A 




A X 



of morphisms over k. The variety X is a K3 surface and it is called the Kummer surface 
associated to A. 

Definition 1.1.5. By a K3 scheme over a base scheme S we will mean a scheme X and 
a proper and smooth morphism tt: X ^ S whose geometric fibers are K3 surfaces. A 
K3 space over a scheme S is an algebraic space X together with a proper and smooth 
morphism n: X ^ S such that there is an etale cover S' ^ S oi S for which n' : X' — 
X Xs S' ^ S' is eiK3 scheme. 

If tt: X — > (5 is a K3 space, then n^Ox = Os- Indeed, this is true since tt is proper and 
its geometric fibers are reduced and connected. 
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Remark 1.1.6. A K3 space X over S is usually defined as an algebraic space X together 
with a proper and smooth morphism ir: X ^ S such that for every geometric point 
s G 5* the fiber Xg is a K3 surface. In this note we will restrict ourselves to Definition 
II. 1.51 above. The reason is that for this class of K3 spaces one can easily see that certain 
automorphism functors of K3 spaces are representable by schemes (cf. Theorem 13.3.11) . 
We do not know if this holds in general. 

1.2. Ample Line Bundles on K3 Surfaces. In order to construct the moduli stacks of 
polarized K3 spaces one needs a number of results on ample line bundles. We give them 
below. 

Definition 1.2.1. Let X be a K3 surface over a field k. The self-intersection index 
{C,C)x of a line bundle C on X will be called its degree. A line bundle £ on X is called 
primitive if £ ® A; is is not a positive power of a line bundle on X]^. 

Theorem 1.2.2. Let X be a K3 surface over a field k. 

(a) If C is a line bundle on X, then (£, £) is even. If C is ample and d := {C,C)/2, 
then the Hilbert polynomial of C is given by hc{t) = dt^ + 2. 

(b) Suppose L is an ample bundle. Then C is effective and WiX^C) = for i > 0. 
Further, is generated by global sections if n > 2 and is very ample if n > 3. 

Proof (a) First note that, by Serre duality, h'^{Ox) = h^i^x/k) = = 1- Since 

h^{Ox) = 1 we find that xi^x) = 2. Hirzebruch-Riemann-Roch gives 

x{C)=x{Ox) + \-{{C,C)-{C,Q'x/,)) 

= 2+^--{C,C) 

as ^^^/fc is trivial. Hence (£, C) = 2d is even. If C is ample then its Hilbert polynomial is 
hc{t) =dt^ + 2 

(b) By Serre duality and the fact that Vt^j^ = Ox we have h%C) = h^~\C-^). In 
particular h'^{C) = h^{C^^) = as an anti-ample bundle is not effective. Since d := 
{C,C)/2 > it follows that h %C) = d + 2 + h\C) > 0, so £ is effective. For the 
remaining assertions we refer to |SD74j . Section 8. □ 

Example 1.2.3. Let vr: X ^ be a double cover of as in Example 11.1.21 The 
line bundle C = 7r*(9p2(l) is ample and one has that {C,C)x = 2((9p2(l), Cp2(l))p2 = 2. 
Hence any K3 surface X which is a double cover of P^ ramified along a non-singular sextic 
curve has an ample line bundle C of degree 2. 

Example 1.2.4. Let X C P"+2 be a K3 surface which is obtained as a complete intersec- 
tion of multiple degree (di, d2, ■ ■ . , dn); see Example II. 1.31 Then Ox{i) degree did2 ■ ■ ■ c?„. 
Note that the equality di + d2 + ■ ■ ■ + dn = n + 3 implies that at least one of the di is even. 

Note that if vr : X — S* is a K3 scheme over a connected base S then for a line bundle 
£ on X the intersection index (£^, Cs)xs is constant for any s. This follows from the fact 
that 71 is flat and the relation (£j, Cs)xs = 2x(£s) — 4. 
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Lemma 1.2.5. Let it: X ^ S be a K3 scheme and let C he a line bundle on X which 
is fiberwise ample on X i.e., Cg is ample on Xg for every geometric point s G S*. Let 
2d = Cs)x^ for any point s E S. Then 7r*£" is a locally free sheaf of of rank dn'^ + 2 
and is relatively very ample over S if n > 3. 

Proof. By Theorem 11.2.21 (b) we have that for all s G the group H^{Xs, C^) is trivial. 
It follows from |(tD67[ Ch. Ill, §7], that T^^^,C"' is a locally free sheaf and that tc^Cs = 
H^{Xs, jCg). The rank statement follows from Theorem II. 2. 21 (a). By part (a) of Theorem 
11.2.21 one sees that for every geometric point s G S* and any n > 3 the line bundle 
gives a closed immersion Xg »• P(7r*£") over k{s). Hence the morphism X ^ P(7r*£") 
induced by is a closed immersion. This finishes the proof. □ 

2. COHOMOLOGY GROUPS OF K3 SURFACES 

2.1. Quadratic Lattices Related to Cohomology Groups of K3 Surfaces. In this 
section we introduce some notations which will be used in the sequel. Let U be the 
hyperbolic plane and denote by Eg the positive quadratic lattice associated to the Dynkin 
diagram of type Eg (cf. |Ser73l Ch. V, 1.4 Examples]). 

Notation 2.1.1. Denote by {Lo,ip) the quadratic lattice f/®^©i?®^. Further, let {Vo,ipo) 
be the quadratic space {Lq,iP) Q. 

We have that Lq is a free Z-module of rank 22. The form if)^ has signature (19+, 3—) on 
Lo®M. 

Let {ci, /i} be a basis of the first copy of U in Lq such that 

V'(ei,ei) = = and ?/'(ei, /i) = 1. 

For a positive integer d we consider the vector ei — dfi of Lq. It is a primitive vector 
i.e., the module Lq/ (ei — dfi) is free and we have that ip{ei — dfi, Ci — dfi) = —2d. The 
orthogonal complement of ei — dfi in Lq with respect to ip is (ei + dfi) © t/®^ © E^'^. 

Notation 2.1.2. Denote the quadratic sublattice {ei+dfi)®U®^®Ef'^ of Lq by {L2d, ^2d)- 
Further, we denote by {V2d, '>p2d) the quadratic space (-^2^, ip2d) ®z Q- 

The signature of the form ip2d,R is (19+, 2—). We have that {ei — dfi)®L2d is a sublattice 
of Lq of index 2d. The inclusion of lattices i : L2d "—>■ Lq defines injective homomorphisms 
of groups 

(1) i^'': {g G 0{Vq){Z) I g{ei - dfi) = - dfi} ^ 0(\/2d)(Z) 
and 

(2) t'^": {g G SO{Vo){Z) \ g{ei - dfi) = d - dfi) ^ S0(V2d)(Z). 

Let denote the dual lattice Hom(L2d,Z). Then the bilinear form ?/'2d defines an 
embedding L2d ^ L^^ and we denote by A2d the factor group L^^/ L2d- It is an abelian 
group of order 2d ( |LP8H §2, Lemma]). One can extend the bilinear form tp2d on L2d to 
a Q- valued form on L2^ and define 

q2d: A2d^Q/2Z 

defined by 

q2d{x + L2d) = i'2d{x, x) + 2Z 
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for any x G Lj^. Let 0(g2d) denote the group of isomorphisms of preserving the 
form q2d- Then one has a natural homomorphism r: 0(V2d)(Z) 0(g2d)- It is shown in 
[NikSOj that 

i^{{g e 0{Vom I g{e^ - dh) = - df\}) = ker(r). 

2.2. De Rham Cohomology. Let X be a K3 surface over a field k. The following 
proposition will play an essential role when studying deformations of K3 surfaces (Section 
14. We will use it also to show that the automorphism group Aut(X) of a K3 surface is 
reduced (see Theorem 13 . 3 . II below) . 

Proposition 2.2.1. If X is a K3 surface over a field k, then 
(a) The Hodge-de Rham spectral sequence 

Er = W{X,n),/,)^H'^^{X,k) 

degenerates at Ei. For the Hodge numbers h^'^ = dim^ if-'(X, fi*^^^) of X we have 

h^'^ = 20. 



(b) Let Qx/k = ^x/fc tangent bundle of X. Then H^{X,Qx/k) = for i = 

and 2 and dim^ H^{X, Qx/k) = 20. 

Proof. If k has characteristic zero, then one may assume that k = C and the proposition 
follows from |LP8H §1, Prop. L2]. The case char(A;) = p > is treated in |Del81bt Prop. 



1.1]. □ 

Remark 2.2.2. Part (b) of the proposition is classical in the case k = C The proof in 
the general case is due to Rudakov and Shafarevich. It can be reformulated in following 
way: There exist no non-trivial regular vector fields on a K3 surface (cf. |RS76| §6, Thm. 
7]). 

2.3. Betti Cohomology. Let X be a complex K3 surface. Then the Betti cohomology 
groups if]j(X, Z) are free Z-modules of rank 1, 0, 22, 0, 1 for i = 0, 1, 2, 3, 4 respectively. 
One has a non-degenerate bilinear form (given by the Poincare duality pairing): 

^Ij: Hl{X,Z){l) X Hl{X, Z){1) Z 

given by 

ip{x, y) = — tr(x U y) 

where xU y is the cup product of x and y and tr : H^{X, Z(2)) ^ Z is the trace map. It 
has signature (19+, 3—) over M. The quadratic lattice (//^(X, Z)(l), is isometric to 
(Lo,V^) (cf. SectionEH}. For proofs of those results we refer to jLP8H §1, Prop. 1.2]. 

The group if^(X, Z) carries a natural Z-Hodge structure (which we will abbreviate as 
Z-HS) of ty pe {( 2, 0), (1, 1), (0, 2)} with h^'^ = = 1 and h^'^ = 20 as we see from 
Proposition 12.2.11 
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For a complex K3 surface H^{X, Ox) is trivial so the first Chern class map 

ci: Pic(X)^iJ|(X,Z)(l) 

is injective. Exactly in the same way we see that for a K3 space n: X ^ S, where 5* is a 
scheme over C, one has a short exact sequence of sheaves 

^ i?^7rf Ox ^ i?^7rf Z(l) 

as R^Ti^^Ox is trivial. 

Notation 2.3.1. Let C be an ample line bundle on X. We denote by P|(X, Z)(l) the 
orthogonal complement of Ci{C) with respect to ip. It is a free Z-module of rank 21 called 
the primitive part (or the primitive cohomology group) of Z)(l) with respect to 

Ci{C). The restriction of defines a non-degenerate bilinear form: 

^c: P|(X,Z)(1) X P|(XZ)(1) ^ Z. 

The group P|(X, Z(l)) carries a natural Z-HS induced by the one on Z(l)) of 

type {(—1, 1), (0, 0), (1, —1)} with h~^'^ = h^~^ = 1 for which ipc is a polarization. 

Remark 2.3.2. Let C be an ample line bundle for which [£, C)x = and assume that 
it is primitive. Let {ei, /i} be a basis of the first copy of U in Lq as in Section EUl By 
jBBD85^ Exp. IX, §1, Prop. 1] one can find an isometry 

a: (iJ|(X,Z(l)),^) -.Lo 
such that a(ci(£)) = ei — dfi. Therefore a induces an isometry 

a: (P|(X, Z(l)), ^(L2,,V'2d). 

2.4. Etale Cohomology. Let A; be a field of characteristic p > and fix a prime / which 
is different from p. Suppose given a K3 surface X over k. Then the etale cohomology 
group ifg^(X^,Z;) is a free Z;-module of rank 1,0,22,0,1 for i = 0,1,2,3,4. One sees 
this in the following way: If k has characteristic zero, then the claim follows from the 
corresponding result for Betti cohomology and the comparison theorem between Betti 
and etale cohomology r |Mi180l Ch. Ill, §3, Thm. 3.12]). Assume that p > 0. By |De181bl 
§1, Cor. 1.8] there exists a discrete valuation ring R with residue field k and a smooth 
lift X over R of X. If t] is the generic point of Spec(i?), then by the smooth base change 
theorem for etale cohomology ( |Mil80[ Ch. VI, §4, Cor. 4.2]) one has that 

(3) Hi,{x-,, z/rz) = h:,{x„ z/rz) 

for every i = 0, . . . , 4 and every n. Hence H^^{X^, Z;) = H^^^Xfj, Zi) and we deduce the 
claim from the characteristic zero result. 

Further, one has a non- degenerate bilinear form 

HliX-„Zi)il) X H^,{X-„Zi)il) Z, 

given by 

^z,ix,y) = -tiz^{xUy) 

where tr^^ : Zi){2) — > Zi is the trace isomorphism. This is simply Poincare duality 

for etale cohomology r |Mil80[ Ch. VI, §11, Cor. 11.2]). 
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The Kummer short exact sequence of etale sheaves on X 

1 Gm ~^ 1 

gives an exact sequence of cohomology groups 

By (jni) the group Hl^{Xi, /Xp) is trivial we have an injection 

^ Pic(X)//"Pic(X) ^ Hl{XJ,,^l,.). 

Taking the projective hmit over n one sees that the first Chern class map 

ci: Vic{X)®^Zi^ Hl{Xj,,Zi){l) 

is injective. In particular, since iJ^^(X^, Z;(l)) is free, Pic(X) has no /-torsion for any / 
different from p. 

Similarly, if vr : X — S* is a K3 space then one can consider the long exact sequence of 
higher direct images, coming from the Kummer sequence 

Further, since the stalk of R^^n^Hin at any geometric point of 5" is zero (one uses here the 
proper base change theorem), the sheaf itself is zero r |Mi18ni Ch. II, §2, Prop. 2.10]). 
Hence passing again to the projective limit over n we obtain the exact sequence of Z^- 
sheaves 

^ Rl,Ti.G^ ® ^ RI-kMI). 

Notation 2.4.1. Let £ be a primitive ample line bundle on X with {C,C)x = 2(i. 
Denote by Pj.(Xfc, Z;(l)) the primitive part of H^^{Xl,Zl){l) with respect to ci(£) i.e., 
the orthogonal complement of Ci(£) in H^^{Xj^,Zi){l) with respect to ipZr Denote the 
restriction of ipz, to P^^{Xji,Zi{l)) by ipczr 

If k has characteristic 0, then by the comparison theorem between Betti and etale 
cohomology one has that (i/^ (X^, Zi(l)), tZ-zJ is isometric to {Hl{Xc,Z{l)),tp) 
which is isometric to {Lq,iP) Moreover since the comparison isomorphism respects 

algebraic cycles, the same holds for the primitive parts with respect to C i.e., we have 

that (Pe't (^fc, M^)),i^C,Z,) = {L2d, i^2d) ®Z ^l- 

Assume that char(A;) = p > 0. Then the pair (X, C)®k has a lift (A", C) over a discrete 
valuation ring R with char(i?) = and with residue field k (see |Del81bl §1, Cor. 1.8]). 
Using the same argument as above one concludes that 

and that (ifft(Xfc, 7ji)(m),ipZi) is isometric to (iJg^(A'jj, Z;)(m), , where t] is the generic 
point of Spec(-R). Consequently the two quadratic lattices (Pj-(X^, Z;(l)), and 
[P^^^{Xfi, Zi{l)) , ipCfj) ®z are also isometric. Thus, if C is primitive, then there is an 
isometry 

a: {Hl{X-„Zi{l)),tlJi)-^Lo(»Zi 
such that a{ci{C)) = ei — dfi. It induces an isometry 

a: (P|t(^fc,ZKl)),fe) ^ (L2d,^2d)®Z;. 
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Remark 2.4.2. Let A; be a field of characteristic p. We make tlie following notations 

Z^P) ■= Yl Zi and A^^^ = Z^^^ ® Q. 

In the sequel we will be considering etale cohomology with Z''^^ or A^''' coefficients. Then 
we have that for a K3 surface over a field k one has isometrics 

{Hl{X-„Z^^\l)),^f) = (Lo,^) 

and for a primitive ample line bundle C of degree 2d on X one has 

{P^,{X-„Z^P\l)),i;cj) = {L2d,i^2d) ^z^^"^- 
Here V'/ and ipcj are the corresponding bilinear forms coming from the Poincare duality 
onif2(Xs,i(P)(l)). 

2.5. Crystalline Cohomology. Let k he a perfect field of characteristic p > and let 
W = W{k) be the ring of Witt vectors with coefficients in k. Consider a K3 surface X 
over k. Then by |Del81b[ Prop. 1.1] the crystalline cohomology group Hlj.^^{X/W) is a 
free W^-module of rank 1, 0, 22, 0, 1 for z = 0, 1, 2, 3, 4 respectively. We consider next 
the crystalline Chern class map 

ci: FiciX)~^Hl,,iX/W). 

As pointed out in |Del81bt Appendice, Rem. 3.5] the Chern class map defines an injection 

ci : NS(X^) ®^ Z, ^ Hl,XX/W{k)) 

where NS(Xs) = Pic(Xs)/ Pic°(Xfc) is the Neron-Severi group of Xj.. In particular this 
means that the Neron-Severi group of Xj, has no p-torsion. 

If K is the fraction field of W then we shall denote by Hl^^^{X/K) the vector space 
HUX/W) ®w K. 

3. PicARD Schemes and Automorphisms of K3 Surfaces 

3.1. Picard and Neron-Severi Groups of K3 Surfaces. In this section we will study 
Picard functors of K3 spaces. Those functors will play an important role in two aspects 
in the construction of moduli spaces of (primitively) polarized K3 surfaces. First, we 
will define (quasi-) polarizations on K3 surfaces using Picard spaces (cf. Definition 13.2.21 
below). Later, in Section we will use Picard spaces in the construction of the Hilbert 
scheme parameterizing K3 subschemes of P^. 

For a separated algebraic space X over a scheme S we denote by Pic(X) the group 
of isomorphism classes of invertible sheaves on X. Let vr: X — be a K3 space and 
consider the relative Picard functor 

Vicx/s'- (Sch/S")*^ Groups. 

By definition it is the fppf-sheafification of the functor 

Px/s ■■ (Sch /Sf ^ Groups given by T ^ Pic(X T). 

For every g: T S we have that Picx/s(T) = H^{T, R^nlGm) where vr' : X XsT ^ T is 
the product morphism and all derived functors are taken with respect to the fppf-topology. 
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Theorem 3.1.1. For a K3 space ir: X ^ S the relative Picard functor Picx/5 is repre- 
sented by a separated algebraic space locally of finite presentation over S . 

Proof. The representabihty foUows form |Art69[ §7, Thm. 7.3]. The proof of the separat- 
edness property goes exactly in the same way as the proof of Theorem 3 in jBLRQOt Ch. 
8, §8.4]. □ 

Let S = Spec(A;) be a spectrum of a field. Then Picx/k is represented by a group scheme 
(cf. [Oor62j or Lemma 13.1.21 below) and shall denote by Pic^^^ its identity component. 
We set further 

PicxA = U ^"HPicV) 

n>0 

where n: Picx/fc — > Picx/fc is the multiplication by n. 

Lemma 3.1.2. Let X be a K3 surface over a field k. Then Picx/k is represented by 
a separated, smooth, zero dimensional scheme over k. In particular Pic^/fc is trivial. 
Further, we have also that Pic^/fc is trivial. 

Proof. Combining Theorem 3 and Theorem 1, with S = Spec(A;), of jBLRQOL Ch. 8, §8.2] 
one concludes that Picx/k is representable by a separated scheme, locally of finite type 
over k. 

By Theorem 1 of |HLH9ni Ch. 8, §8.4] one has that 

dimfc Picx/k < dimfc H\X, Ox) = 

and as the equality holds in this case, Picx/fc is smooth over k. This shows the validity of 
all assertions except for the claim about Picx/k- 

The scheme Pic^/fc is proper and of finite type over k (cf. |BLR,9n[ Ch. 8, Thm. 4]). 
Since its dimension is zero it is a finite commutative group scheme over k. The injectivity 
of the etale Chern class map shows that Pic(X) has no /-torsion for / ^ p. By the first 
part of the lemma we have that NS(X) = Pic(X). Then the injectivity of the crystalline 
Chern class map shows that Pic(X) has no p-torsion either. Thus Pic(X) is torsion free 
and therefore Picx/kik) is trivial. Since in this case Pic^/fc is reduced we conclude it is 
trivial. □ 

If X is a K3 surface over a field k, then NS(X) = Pic(X), which follows from the fact 
that in this case Pic°(X) is trivial. Hence Pic(X) is a free abelian group of rank at most 
22 (use [Mil80, Ch. V, §3, Cor 3.28]). If the characteristic of the ground field is zero, then 
rkzPic(X) < 20. 

Let 71 : X 5* be a K3 scheme. Define Pic^/g and Picx/5 ^ subfunctors of 
Picx/s consisting of all elements whose restrictions to all fibers Xg belong to Picx^/^(^) 
and Picx^/^(^s) respectively. 

Proposition 3.1.3. For a K3 scheme tt: X —>■ S over a quasi-compact base S one has 
that Picx/5 is an algebraic space which is unramified over S. Further, we have that Picx/5 
and Picx/5 ^'^^ trivial. 

Proof. The first part of the proposition follows from the preceding lemma as it is enough 
to check the Picx/5 is unramified in the case S" is a spectrum of a field. To prove the 
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second part we notice that according to |BLR90l Ch. 8, §8.3, Thm. 4] we have open 
immersions Pic^x/s ^ Picx/5 aiid Pic^/^ Picx/5- By Lemma 13.1.21 above for every 
geometric point s G S the subspaces Pic^_/^(g) and Pic^_/^(j) are trivial hence Ficx/s 
Picx^g are triviaL □ 

Remark 3.1.4. Let tt: X ^ 5 be a K3 scheme and let C and Ai be two line bundles 
on X. If £" = Ai^ for some n G N, then C is isomorphic to A4 ® 7r*A/' where A/" is a line 
bundle on 5*. Indeed, we have that cl{CY = cZ(A^)" in Picx/5. Since Picx/s trivial 
we have that the multiplication by n-morphism [n] : Picx/s Picx/5 is an injective 
homomorphism of group schemes. Since d{C)"' = c/(A^)" we conclude that cl{C (g) A4~^) 
is trivial, so A4 and C differ by an invertible sheaf coming from the base 5* ([B LR90^ Ch. 
8, §8.1, Prop. 4]). 

Remark 3.1.5. It is easy to see that the statement of Proposition 13 . 1 .31 remains true for 
K3 spaces. 

A morphism of schemes vr: X ^ 5* is called strongly projective (respectively strongly 
quasi-projective) if there exists a locally free sheaf £^ on S* of constant finite rank such 
that X is S'-isomorphic to a closed subscheme (respectively a subscheme) of F{S). 

Lemma 3.1.6. Let S be a noetherian scheme and suppose given a K3 scheme tt: X S. 
If -K is a strongly projective morphism, then we have that 

(i) for any G N the multiplication by n-morphism 

[n] : Picx/s ^ Picx/5 

is a closed immersion of group schemes over S . 

(ii) for any A G Picx/s{S) the set of points 

S° = {s & S \ \s is primitive on Xg} 

is open in S . 

Proof, (i): By definition we have a closed immersion X ^ P(£^) for some locally free 
sheaf £ on S. Let OxiX) denote the pull-back of the canonical bundle 0{1) on 
via this inclusion. For a polynomial $ G Q[t] let Pic*/g be the subfunctor of Picx/5 
which is induced by the line bundles C on X with a given Hilbert polynomial $ (with 
respect to Ox{^)) on the fibers of X over S. Then Pic*/^^ is representable by a strongly 
quasi-projective scheme over S and Picx/s is the disjoint union of the open and closed 
subschemes Pic*/^ for all $ G Q[t]. For a proof of this result we refer to |BLR,9n[ Ch. 8, 
§8.2, Thm. 5]. 

Since all schemes Pic*/^ are quasi-compact we have that for a given $ the image 
[n](Pic*/g) is contained in a finite union UiGC| ^^'-'x/s- ^^^^ show first that for a given 
$ G Q[t] the morphism 

[n] : Pic|/^ ^ U PicJ)^ 

is proper. As all schemes involved are noetherian we can apply the valuative criterion 
for properness. We may assume that 5* is a spectrum of a discrete valuation ring R and 
that X admits a section over S and let 77 and s be the generic and the special point of 
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S. Under those assumptions any element of Ficx/s comes from a class of a line bundle 
( |BLR,9n( Ch. 8, §8.1, Prop. 4]). To show that the restriction of [n] to Pic*/^ is proper 
we have to show that if £ is a line bundle over the generic fiber of X, then extends 
uniquely to a line bundle on X which is a n-th power of a line bundle. This follows from 
|BLR9n[ Ch. 8, §8.4, Thm. 3] as both C and extend uniquely over X. 

Further, the morphism [n] : Picx/s ~^ Picx/s is an immersion of the correspond- 
ing topological spaces and as it is proper on every open and closed Pic^-y^, the image 
[n](Picx/s') is closed in Picx/s- We are left to show that the natural homomorphism 
of sheaves Opic^/g — > [n]*Opic^^g is surjective. As this can be checked on stalks we see 
further that it is enough to show the surjectivity assuming that is a spectrum of a 
field. But under this condition the claim follows from Lemma 13.1.21 Indeed, Picx/k 
is a reduced, zero dimensional scheme. Hence all subschemes Picx/k being reduced, 
quasi-projective and zero dimensional, are finite unions of points. Then the restrictions 
[n] : Picx/k ~^ UiGC| ^^'^'x/k closed immersions and hence [n] : Picx/k Picx/fc is also 
a closed immersion. Therefore Cpic^^^, [n]^,(9pic^^^ is surjective. 

(a): We may assume that S is connected. Then the intersection index (Aj, Ag) is 
constant on S, say (As, As) = 2c?. For any natural number n consider the closed subscheme 
Sn of S defined by the following Cartesian diagram 

Sn ^ S 

X 

Then the subset S° of S can be identified with S \ Sn where the union is taken over 
all n G N such that divides d. So it has a structure of an open subscheme of S. □ 

Remark 3.1.7. Note that if vr: X — S* is a K3 scheme, then the Picard functor Picx/5 
can be constructed using the etale topology on S instead of the fppf-topology. In other 
words Picx/s is also the etale sheafification of Px/s- This follows from the fact that vr is a 
proper morphism, using the Leray spectral sequence for vr and the sheaf G^. For a proof 
we refer to the comments on p. 203 in |BLR90| Ch. 8, §8.1]. 

Example 3.1.8. Let A be an abelian surface over an algebraically closed field k of char- 
acteristic different from 2 and let X be the associated Kummer surface. Then one has 
that 

Pic(X)Q = NS(X)q = NS(A){j-']^ © Q®i6 

where NS(A)I~-^1'* denotes the elements of NS(yl) invariant under the action of [— 1]a- We 
refer to |Shi79t §3, Prop. 3.1] for a proof. 

3.2. Polarizations of K3 Surfaces. Here we will define the notion of a polarization on 
a K3 space. 

Definition 3.2.1. Let k he a field. A polarization on a K3 surface X/k is a global 
section A G Picx/k{k) which over k is the class of an ample line bundle C^. The degree 
of Ck is called the polarization degree of A. A quasi-polarization on X is a global section 
A G Picx/k{k) which over k comes from a line bundle Cj, with the following property: 
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(i) Ci is nef i.e., (iZ^, Cx^(C')) > for all irreducible curves in X^, 

(ii) if {Ci, Ox-,{,C)) = for a curve C in then (C, C)x-, = (-2). 

If {X, A) is a polarized K3 surface over k, then one can find a finite separable extension 
k' of such that A comes from a line bundle Ck' over k'. Indeed, this follows either from 
Remark 13.1.71 or from Proposition 4 in jBLR9n| Ch. 8, §8.1] taking T = Spec(A;'*P) and 
the fact that Br(A;^P) is trivial. 

Definition 3.2.2. Let S be scheme. A polarization on a K3 space n: X —>■ 5* is a 
global section A G Picx/s{S) such that for every geometric point s of 5* the section A^ G 
Picx^/K{s){i^{s)) is a polarization of Xg. A quasi-polarization on X/S is a global section 
A G Picx/s'(5') such that for every geometric point s of S* the section Aj G Picxs/K(5)('t(s)) 
is a quasi-polarization of Xg. 

Definition 3.2.3. A polarization (respectively quasi-polarization) A on a K3 space tc: X — 
S is called primitive if for every geometric point s of S the polarization (respectively the 
quasi-polarization) Ag G Picx^/K{s)(yi^{s)) is primitive i.e., it is not a positive power of any 
element in Picx,-/K{5)(/t(s)). 

Lemma 3.2.4. Let {tc : X S , X) be a K3 space over S with a polarization A. Then one 
can find an Stale covering S' ^ S such that ns' '■ Xs' ^ S' is a K3 scheme and \s' is the 
class of a relatively ample line bundle Cs' on Xs'- 

Proof. By definition one can find an etale covering Si S such that tti : Xs-^ — > 5*1 is 
a K3 scheme. The pull-back A^^ of A is a polarization on X^^. By Remark 13.1.71 the 
Picard functor Pic^g^/Si '^^^ t)e computed using the etale topology on 5*1. Hence one can 
find an etale covering S' ^ S such that Xs' is equal to the class of a line bundle Cs' on 
Xs'- By definition Cs' is pointwise ample hence using Lemma fl.2.51 we conclude that it 
is relatively ample. This finishes the proof. □ 

The self- intersection (£g/,£j/) for a geometric point s' on S' is constant on every con- 
nected component of S'. We say that A is a polarization of degree 2d if {Cg', '^s') = 2(i for 
every geometric point s' of S'. 

3.3. Automorphism Groups. Let S* be a scheme and vr: X ^ 5* be an algebraic space 
over S. Define the automorphism functor in the following way: 

Auts(X): (Sch/^)° Groups 

Aut5(X)(T) = AutT(Xr) 

for every S"- scheme T. 

Theorem 3.3.1. If n : X S is a polarized K3 space over S, then Aut5(X) is repre- 
sentable by a separated group scheme which is unramified and locally of finite type over 
S. 

Proof. Let S' ^ S he an etale cover such that vr' : X' = X x 5 S" — ^> S" is a projective 
K3 scheme over S' . The existence of such an etale covering S' follows from Lemmas 
11.2.51 and 13.2.41 Let S" be the product S" X5 S' . Denote by tTj the projection morphisms 
TTj : X' X X X' — i> X' — i> X — i> S" for i = 1, 2. By definition X' Xx X' is representable by a 
quasi-compact subscheme of X' x 5 X'. 
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Using Proposition 1.4 in |Knu7H Ch. II] we can see that we have an exact sequence of 
groups 

(4) Auts(X)(T) Ants'iX'){T) =^ Ants'^X' x x X'){T). 

It follows from |(;ro62l Exp. 221, §4.c] that the functors k\xis'{,X') and Aut5"(^' Xx X') 
are representable by group schemes locally of finite type over S. For simplicity we denote 
them by y and W respectively. Then from the exact sequence (jH) we see that Aut5(X) 
is representable by the fiber product 

Aut5(X) W 

where A: Vy—^Wx^W is the diagonal morphism. 

The fact that the Aut5(X) is separated follows directly from the valuative criterion for 
separatedness. 

To check that Aut5(X) is unramified we may take 5* to be the spectrum of an alge- 
braically closed field k. A point in Autfc(X)(/c[e]/(e^)), which under the natural homo- 
morphism maps to the the identity in Autfc(X)(A;), may be identified with a vector field 
on X. By Proposition 12.2.11 (1) a K3 surface has no non-trivial vector fields hence we 
conclude that Autfc(X) is reduced. □ 

Remark 3.3.2. The proof of the theorem shows that Auts'(X) is 0-dimensional over 5". 
Its fibers are constant group schemes. 

Let tt: X — > 5* be a K3 space and let A be a polarization of X. Define the subfunctor 
Auts'(X, A) of Auts'(X) in the following way 

Aut5(X,A): (Sch/S)° ^ Groups 

Aut5(X, A)(T) = {a e Aut5(X)(T) | a*A = A G Vicx/s{T)} 

for every S'-scheme T. 

Proposition 3.3.3. The functor Aut5(X, A) is a closed subfunctor of K\its{X). It is 
represented by a separated group scheme which is unramified and of finite type over S. Its 
relative dimension over S is zero. 

Proof. The functor Aut5'(X, A) is a closed subfunctor of Aut5(X). It is representable by 
the subgroup scheme of G = Aut5(X) (locally of finite type over S) given by the following 
(Cartesian) diagram: 

Aut5(X, A) S 

(A,id) 

G = GxsS ^ Picx/s y<sS = Picx/s ■ 

Here we have that X: S ^ Picx/s is the section given by A and ip is the composition 
a o (id, A) where 

a: G X Picx/s ^ Picx/s 
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is the action of G on Picx/5- 

Just as in the proof of the preceding theorem we may take S to be the spectrum 
of an algebraically closed field k in order to check that Aut5(X, A) is unramified. If 
a G Autfc(X, A)(A;[e]/e^) which is the identity in Autfc(X, A)(A;), then by Theorem 13.3.11 
above we see that a is the identity element of the group Autfc(X)(A;[e]/e^). Since by 
definition we have an inclusion 



we conclude that Aut5(X, A) is unramified over 5*. 

Let s: Spec(f2) — be a geometric point. Then by |Mat58j (see also Corollary 2 in 
MMMj) the set Aut5(X, A)(fi) is finite. Hence Aut5(X, A) is of finite type over S. □ 

Note that in general, for a K3 surface X over a field k, the group Autfc(X)(A;) might 
be infinite. 

Example 3.3.4. For any complex K3 surface X with rk2Pic(X) = 20 one has that 
Autc(X)(C) is infinite. For a proof see |SI77| §5, Thm. 5]. 

There are also examples of K3 surfaces X having a finite group of automorphisms. An 
example of a complex K3 surface with rk2Pic(X) = 18 and finite automorphism group is 
given in the remark on page 132 in (Bl77ij . 

3.4. Automorphisms of Finite Order. In this section k will be an algebraically closed 
field. If it is a field of characteristic p, then we will denote by W the ring of Witt vectors 
with coefficients in k and K will be the field of fractions of W . 

Let X be a K3 surface over k. \{ k = C, then it is a well-known theorem that 
Autc(X)(C) acts faithfully on if^(X, Z). Here we prove a similar result for the auto- 
morphisms of finite order of X acting trivially on H^^{X,Zi) where / is a prime number 
different from char(A;). The only restriction we impose is that char(fc) 7^ 2. Later on in 
Section 15.11 we will introduce level structures on K3 surfaces and we will use this result 
to show that the corresponding moduli stacks are algebraic spaces. 

Lemma 3.4.1. Let X be a K3 surface over k and assume that char(/c) = 0. Then 
Autfc(X)(A;) acts faithfully on H^^{X, Z;) for every prime I. 

Proof. Without loss of generality we may assume that the field k can be embedded into 
C. Fix an embedding a: k ^ C. By the comparison theorem between Betti and 
etale cohomology we have an isomorphism ifg^(X, Z^) = H'^{X C?>o- C, Z) ®i Z;. Let 
a e Autfc(X)(fc) be an automorphism acting trivially on H^^lXjZi). Then ac acts triv- 
ially on H'^{X ®o- C, Z) Z;. Since H'^{X (E)a C, Z) is a free Z-module we conclude from 



Proposition 3.4.2. Let (X, A) be a polarized K3 surface over k and assume that char(A;) = 
p is different from 2. Then the finite group Autfc(X, A)(A;) acts faithfully on H^^{X,Zi) 
for any I 7^ p. 

Remark 3.4.3. This result can be viewed as an analogue of Theorem 3 in jMum74( Ch. 
IV] for (polarized) K3 surfaces. 



Aut,(X,A)(A;[e]/e2) c Aut,(X)(A;[e]/e2) 




□ 
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We will reduce the proof of Proposition 13.4.21 to the preceding lemma. To do so we 
will use crystalline cohomology and compare the action of an element in Autfc(X, A)(/c) 
onHl{X,Qi)B.ndHl,,{X/K). 

Let X be a K3 surface over a field k. We denote by H^{X) and H"'(X x X) either 
H^,{X,Qi) and H^^{X x X,Qi) for any / prime to char(A;) or Hl-^^{X/K) and Hl^^{X x 
X/K). Note that we will be working with classes of certain algebraic cycles on X and 
X X X so we should consider some Tate twists of these cohomology groups. But since k 
is algebraically closed and the Galois action does not play any role in our consideration 
(we shall only consider some characteristic polynomials of automorphisms of X) we will 
omit these twists. 

For an isomorphism a: X we will denote by a*i and a;*^,;^ the isomorphisms induced 
on Hl{X,Qi) and Hl-^{X/K) respectively. 

Lemma 3.4.4. The Kiinneth components of the class cl{u) G if^(X x X) of any algebraic 
cycle on X X X are algebraic. 

Proof We have that H^iX^Qi) = Hl{X,Qi) = and Hl,^{X/W) = Hl,^{X/W) = 0. 
Then the Kiinneth isomorphism reads 

H\X X X) = {H\X) ® H\X)) © {H\X) ® H\X)) ® {H\X) ® H\X)). 

Using this decomposition we write 

Cl{u) = Uq®U2® U^. 

Every element of the one dimensional spaces H^{X) ® H^{X) and H^{X) ^ H^{X) is 
algebraic. These are rational multiple of the classes of {pt} x X and X x {pt}. Hence Uq 
and U4 are algebraic. It follows that U2 is expressed as a linear combination of algebraic 
classes, hence it is algebraic. □ 

In particular, if A = S{X) C X x X is the diagonal, then its Kiinneth components 
c/(A) = TTo © 7r2 © 7r4 G H^{X x X) are algebraic. Denote by (-, ■) the intersection pairing 
on CE\X X X)q. 

Corollary 3.4.5. Let u G CH^(X x X)q be a rational cycle and let cl{u) G i7^(X x X) be 

its algebraic class. Then its characteristic polynomial det{l — t- cl{u)\H'^{X)) has rational 
coefficients which are independent of I and p (i.e., of H^i-{X,Qi) and H^j.^^{X / K) ) . The 
coefficient in front of f is given by 

Si = {ui, 712) 

fort = l,...,22. 

Proof. The proof follows from the preceding lemma and by Theorem 3.1 in |Tat95j . □ 
Theorem 3.4.6 (Ogus). If p > 2 then the natural morphism of groups 

Aut,(X)(A;) ^ Ant{Hl,,{X/W)) 

is injective. 



Proof. This is a result of A. Ogus and can be found in his paper on Supersingular K3 
crystals |Ugu79t §2, Cor. 2.5]. □ 
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Proof of Proposition 3.4-^ Take an element a G Antk{X, X){k). According to Proposi- 



tion 13.3.31 it has finite order. Denote by m = To- C X x X the graph of a. Then the 
automorphism of H^^{X,Qi) induced by d{u) G H^ti-^ ^ X,Qi) is the one induced by 
a. By assumption it is the identity hence its characteristic polynomial is {t — 1)^^. By 
Corollary 13.4.51 it is exactly the characteristic polynomial of the automorphism a*j.jg of 
H^^^^{X/K) induced by a. Since a is an automorphism of finite order the induced map 
a*jj.s on the crystalline cohomology is semi-simple {K has characteristic zero). Hence a*j.jg 
acts trivially on H^^^^{X/K) and by Theorem 13.4.61 it is the identity automorphism as 
H^^i^{X/W) is torsion free. □ 

Remark 3.4.7. Note that the only property of a which we used in the proof of Proposi- 
tion is that it has finite order. This is really essential as in general the characteristic 
polynomial of a^* will not give enough information to conclude that the action of Ocris on 
H^j.^^{X /W) is trivial. The proof given above shows actually that any automorphism of 
finite order a of X acting trivially on iJg^(X, Z;) for some I ^ p is the identity automor- 
phism idx- 



4. The Moduli Stack of Polarized K3 Surfaces 

We are ready to define moduli functors of (primitively) polarized K3 surfaces over 
Spec(Z). We will follow the line of thoughts in |DM68j in order to prove that these 
functors define Deligne-Mumford stacks. Shortly, this can be given in three steps. 

1. Describe the deformations of primitively polarized K3 surfaces. 

2. Construct a Hilbert scheme parameterizing K3 surfaces embedded in for some 
appropriate X G N. 

3. Construct a "Hilbert morphism" vrnib from the Hilbert scheme to the moduli stack 
which is surjective and smooth. Use this morphism to conclude that the moduli 
stack is a Deligne-Mumford stack. 

These steps are spelled out in detail in Sections 14.1114. 31 

4.1. Deformations of K3 Surfaces. Let k be an algebraically closed field. Denote by 
W the ring of Witt vectors W{k) in case char(fc) = p > and W = k otherwise. Let 
A be the category of local artinian VT-algebras {A, m^) together with an isomorphism 
A/m^ = k compatible with the isomorphism W/pW = k. 

Let Xq be a K3 surface over k. Consider the covariant functor 

Defsch(Xo): A-.Sets 

given by 

Defsch(Xo)(v4) = jisom. classes of pairs (X, 0o) |where X Spec(y4) 

is a K3 scheme and 0o is 
an isom. (pQ-. X ®^ A; = Xq}. 

Proposition 4.1.1. The functor Defsch(Xo) is pro-representable by a formal scheme S 
overSpf{W) which is formally smooth of relative dimension 20 i.e., it is (non-canonically) 
isomorphic to Spf(iy[[ti, . . . ,^20]])- 



18 



JORDAN RIZOV 



Proof. This is Corollary 1.2 in |Del81bj in case char(A;) = p > and |LP81l Cor. 5.7] in 



case cliar(/c) =0. □ 

Let Co be a line bundle on Xq. For moduli problems one should study the deformations 
of the pair {Xq,Cq). Define 

Defsch(^o, ^o)- Sets 

to be the functor sending an object A of A to the isomorphism classes of triples (X, £, 0o) 
of flat deformations X of Xq over A, an invertible sheaf £ on X and an isomorphism 
00 : {^,C,) ®A k = (Xq, Co). We have a morphism 

(5) Defsch(Xo,£o)^Defsch(Xo). 

Theorem 4.1.2. // the line bundle Co is non-trivial, then the functor Defsch(Xo, £o) 
is pro-representable by a formally fiat scheme of relative dimension 19 over W and the 
morphism ^ is a closed immersion, defined by a single equation. 

Proof. See |Del81b| Prop. 1.5 and Thm. 1.6]. □ 

Deligne proves that if Co is an ample line bundle over Xq then one can find a discrete 
valuation ring R which is a finite W module and a lift (X — Spec(-R), C) of (Xq, Co) over 
R. In general one needs ramified extensions of W in order to find a lift of (Xq, Co). The 
next lemma shows that one can find a lift over W if the self-intersection of Co is prime to 
the characteristic of k. More precisely one has: 

Lemma 4.1.3. Let Co be an ample line bundle over Xq. // the polarization degree 
{Co, Co)xo = 2d is prime to the characteristic ofk, then Defsch(Xo, Co) is formally smooth. 

Proof. According to |Ugu79t §2, Prop. 2.2 ] (see also Lemma 2.2.6 in |Del81aj ) it is enough 
to see that ci(£o) ^ F^Hf)f^{Xo/k). Since we have that {ci{Co) , ci{Co)) = 2d in k it 
follows that ci{Co) ^ F^if|,^(Xo/fc). For the proof in the case k has characteristic zero 
we refer to tPSS72l §2, Thm. 1]. □ 

4.2. The Hilbert Scheme. Recall that if X is a K3 surface over a field k with an ample 
line bundle C, then the Hilbert polynomial of C is hc{x) = dx^ + 2, where {C, C) = 2d. 
We fix two natural numbers n and d assuming that n > 3. Let Pd,n{x) be the polynomial 

ri^dx^ + 2 and let N = Prf^„(l) — 1. Denote by Hilb^'*'" the Hilbert scheme over Z 
representing the subvarieties of with Hilbert polynomial Pd,n{x)- Let 

n: Z ^ Hilb^'*'" 

be the universal family over the Hilbert scheme. For any morphism of schemes /: S* — 
Hilb^'*'" we consider the following (Cartesian) diagram: 

(6) X = Sx (Hi,b^.,„) Z C . z 



S Hilb^'^'" 
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Proposition 4.2.1. There is a unique subscheme H^^n of Hilh^'" with the property: 
A morphism of schemes f : S —* Hilb^'^'" factors through Hd^n if o-nd only if the following 
conditions are satisfied. 

(i) The pull-hack X of the universal family over Hilb^'*'" is a K3 scheme over S (see 
Diagram (jHl) above), 

(ii) the line bundle /'*(9pjv(l) is isomorphic to C"'®tt'*A4 for some ample line bundle 
C on X and some line bundle A4 on S , 

(ill) for every geometric point s: Spec(fi) S the natural homomorphism 

iy°(p^, Opiv(i)) H%x„ c^) 

is an isomorphism. 

There exists an open subscheme of Hd^n such that: A morphism of schemes f : S ^ 

Hilb^'*'" factors through if and only if conditions (i), (ii) and (Hi) are satisfied and 
in addition for every geometric point s of S the line bundle Cg from (ii) is primitive. 



Proof. The proof of the proposition is standard and can be found in the case of curves 
in Mumford's book |Mum65| Ch. 5, §2, Prop. 5.1]. We shall sketch only the additional 



arguments needed in our situation. 

There is a maximal open subscheme Ui of Hilb^'*'" such that every fiber of the pull- 
back Xi of the universal family Z over Ui is a non-singular variety. Let U2 be the open 
subscheme of Ui consisting of the points s for which H^{Xi s, Oxi^J = (see |Har77l Ch. 



Ill, §12, Thm. 12.8]). Denote by X2 the pull-back of the universal family over 1/2. 

Let Pic;t'2/c/2 be the relative Picard scheme of X2 over f/2. The two line bundles ^^^/[/j 
and define two morphisms: uj,X: U2 ^ Pic;v2/(/2. Define U2 to be the fiber product: 

f/s 

PiCA-a/fya PiCAr2/C/2 X C/2 ^^C^^/U^ 



where A is the diagonal morphism. Since Pic;t2/c/2 separated U3 is a closed subscheme 
of 1/2- The pull-back X3 t/3 of the universal family over Hilb^'*'" is a K3 scheme. 

Let [n]: Picx-^/u^ ~^ P^c^^/u^ be the multiphcation by-n-morphism. The pull-back of 
Opjv(l) over f/3 defines a morphism X: U3 ^ Pic;t'3/(73- Define f/4 to be the fiber product 

U, ^U, 

X 

PiCA-a/C/a PiCA-aM • 

By Lemma (3.1.61 the morphism [n] is a closed immersion hence U4 is a closed subscheme 
of f/3. Clearly, U4 is the subscheme of Hilb^'*'" for which properties (i) and (ii) hold. 
One takes H^^n to be the (closed) subscheme of obtained as in the end of the proof 
of Proposition 5.1 in |Mum651 Ch. 5, §2] (where instead of one works with the 

pull-back C of the bundle Opjv(l)). It satisfies all conditions of the proposition. 
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To show the existence of one has to take the open subscheme f/4 of above 
corresponding to the points in f/4 over which the class of the pull-back of Opiv(l) in 
PicA'4/c/4 is only divisible by n. The existence of such a subscheme can be seen, in a 
way similar to the proof of Lemma 13.1.61 (ii), using the fact that the homomorphisms 
[n] : Vicx^/Ui ~^ ^'^'^x^/Ui are closed immersions. □ 

We will use the schemes Hd^n and to construct moduli stacks of polarized K3 
surfaces over Z. 

4.3. The Moduli Stack. One way to construct the coarse moduli space of complex K3 
surfaces with a primitive polarization of degree 2c? is to use period maps. This approach 
is taken up in (BBD85i Expose XIII, §3]. Here we will use rather different techniques to 
deal with this problem in positive and more generally in mixed characteristic. 

Definition 4.3.1. Let (i be a natural number. Consider the category J^2d defined in the 
following way: 

Oh: The objects of are pairs (vr: X ^ 5, A) consisting of a K3 space n: X ^ S 
with a primitive polarization A of degree 2d over S G Sch. 
Mor: For two objects Xi = (tti : Xi 5'i,Ai) and X2 = (vr2: X2 S2, we define 
the morphisms to be 

Hom(A'i, A'a) = {pairs (fsj) \ fs- Si -> 5*2 is a morph. of 

schemes and /: Xi ^ X2 >^S2,fs 

is an isom. over Si with /*A2 = Ai}. 

The functor pjr^^ : J^2d Sch sending a pair (vr : X — > 5, A) to 5 makes J-'2d into a 
category over Sch. We will denote by J-'2d,s the full subcategory of J^2d consisting of the 
objects over S. 

Definition 4.3.2. For a natural number d we define the category Ai2d of K3 spaces with 
a polarization of degree 2d in the same way as in Definition 14.3.11 but taking as objects 
pairs of polarized K3 spaces {tt: X S, X) over a scheme S. 

We have that J-'2d is a full subcategory of A42d- Those two categories are the same if 
and only if d is square-free. 

Theorem 4.3.3. The categories T2d o,nd M.2d O'f^ separated Deligne- Mumford stacks of 
finite type over Z. The inclusion T2d -^2d i^ on open immersion. 

Definition 4.3.4. We will call T2d the moduli stack of primitively polarized K3 surfaces 
of degree 2d and M.2d the moduli stack of polarized K3 surfaces of degree 2d. 

Remark 4.3.5. Let us explain first why we want to consider moduli of primitively po- 
larized K3 surfaces. For various reasons we will have to work with algebraic spaces rather 
than with algebraic stacks. Just like in the case of abelian varieties one can introduce 
level structures on K3 surfaces and hope that the corresponding moduli problems are 
representable by algebraic spaces. We will define level structures on a polarized K3 sur- 
face (X, A) using its primitive cohomology groups P^^{Xi, Zj(l)) for certain primes / (see 
Section EH}. To be able to do that we will need that Pj-(X^, Zi(l)) belongs to a single 
isometry class of quadratic lattices, which is the case, if A is primitive. 
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We will prove the theorem in a sequence of steps. 
Lemma 4.3.6. The categories J-'2d o-nd M.2d groupoids. 

Proof. We have to check two axioms. See for instance |LMBnn| Ch. 2, Def. 2.1] or p. 96 
of |DM68j . One sees immediately that the usual notions of pull-backs satisfy these two 
axioms. □ 

Lemma 4.3.7. The groupoids J^2d o-nd M.2d (ii"^ stacks for the etale topology. 

Proof. The proofs for A^2d and J-'2d are exactly the same so we will prove the lemma for 
^2d- We have to check two properties. Namely, first we will show that for any scheme 
S G Sch and any two objects X and 3^ over S the functor 

lsoms{X,y) : (Sch/5) ^ Sets 

defined by 

[n: S' ^ S)^ Hom(7r*A^, 7r*3^) 

is a sheaf for the etale topology on S. Then we prove that descent data are effective (cf. 
ILMHOm Ch. 2, Def. 3.1] or Definition 4.1 in |l)M68j ). 

The functor Isom5(A:',3^) is an etale sheaf: Take two objects X = (X S,Xx) and 
y = {Y ^ S, Ay) over S. Let S' be an S'-scheme. 

Let {S'j'jjg/ be an etale covering of S' and fj G Isom5(A:', 3^)(S") for j = 1,2 are two 
elements such that = /2IS". Then clearly fi = f2 as isomorphisms of the pair 

Let {Sl}i(zj be an etale covering of 5". Suppose given elements fi G Isom5(A', 3^)(5'') 
such that fi\s'.. = fj\s'- where S'^, = S'^ x^/ S*'. We have to show that those come from a 
global "isomorphism" . Note that without loss of generality we may assume that Xi — > S'^ 
are K3 schemes. Combining |Knu7H Ch. II, Prop. 1.4] and effectiveness of descent for 
morphisms of schemes (see [BLR90, Ch. 6, §1, Thm. 6(a)]) we conclude that /' descends 
to a morphism /: Xs' Ys' such that fs' = fi- Since Picx/s and Picy/s are algebraic 
spaces (in particular sheaves for the etale topology on S) and f*XYg,\s'^ = ^Xg,\s'^ we see 
that f*XYg, = ^Xgf Hence we have that / G Isom5(A', 3^)(S") and f\s'^ = fi- This shows 
that Isoms'(A', y) is an etale sheaf. 

Effectiveness of descent: Suppose given an etale cover S' of S and an object X' = 
(vr' : X' S', A') with descent datum over S- Without loss of generality we may as- 
sume that the algebraic space X' is actually a scheme (by refining the etale covering 5" 
if needed). We have to show that (vr': X' —>■ S',X') descends to a polarized K3 space 
{n : X ^ S, \) over S. 

Denote by S" the product S' S' and let pri for i = 1, 2 be the two projection maps. 
The descent datum on X' — > 5" over S identifies the two schemes pr\X' and pr2X'. 
Denote this scheme by R- Then we have two etale morphisms 

R^^X' 

which make i? C X' x^X' into an etale equivalence relation. Following the constructions 
of |Knu7H Ch. I, §5, 5.4] we obtain an algebraic space X over S such that X Xg S' is 
isomorphic to X'. Hence vr : X ^ S* is a K3 space. 
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Since Picx/s is an etale sheaf the local section A' over S' together with descent datum 

A'. Clearly, A is a 
□ 



over S give rise to a global section A G Ficx/s{S) such that A5/ 
polarization of X ^ S. 



Next we deal with the representability of the isomorphism functors of polarized K3 
surfaces. For two algebraic spaces X and Y over a base scheme S define the contravariant 
isomorphism functor 

Isoms(X, Y) : (Sch /S) Sets 

by 

lsoms{X,Y){T) = {/: X^ — > It I / is an isomorph. of alg. spaces over T} 
for any S'-scheme T. 

Lemma 4.3.8. For any S G Sch and two objects X and y of J-'2d (respectively M.2d) over 
S , the functor Isorcisi.^ 1 y) representable by a separated scheme which is unramified 
and of finite type over S. 

Proof. Let X and y be the objects (X S, Xx) and (Y S, Ay) respectively. 

Step 1: We can find an etale cover 5" of S such that X' = X Xg S' and Y' = Y x s S' 
are projective K3 schemes over S'. Denote by S" the product S' Xs S'. By jGro621 Exp. 
221, §4.c]) the functors Isom5/(X',y) and Isoms//(X' X', Y' Xy Y') are representable 
by schemes U and V, locally of finite type over S. By Proposition 1.4 in |Knu7H Ch. II] 
one has an exact sequence of sets 







Isoms (X, Y) (T) Isom5, (X', Y') (T) =|: Isom5» {X' XxX',Y' Xy Y') (T) . 



Then we see that Isom5(X, Y) is representable by the scheme defined by the following 
Cartesian diagram 



Isom5(X,F) 



U 



V 



V xsV 



where A: V— ^^Vx^Vis the diagonal morphism. 



Step 2: By Step 1 the functor Isom5(X, Y) is represented by a scheme locally of fi- 
nite type over 5*. Then the functor \som.s{X , y) is represented by the scheme defined by 
the following Cartesian diagram: 



\soms{X,y) 



Isom5(X,y) XsS' 



(id,Ay) 



Isom5(X,y) XsVic 



Y/S 



s 

Ax 

Picx/s 



where the bottom-right arrow is just the pull back morphism. 



Step 3: We are left to show that \som.s{X .,y) is unramified over S. As in the proof 
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of Theorem 13.3.11 it is enough to check the properties of Isom5'(A', y) when is a spec- 
trum of an algebraically closed field. In this case Isom5(A:',3^) is either empty or it is 
isomorphic to Autfc(X, A). As the latter is separated, reduced and of finite type over k we 
conclude that the same holds for Isom5'(A:', 3^). □ 



Proof of Theorem 4-^-^ ' We will give the proof for J^2d in several steps. For the proof 



that Ai2d is a Deligne-Mumford stack one should only replace H^^ by H^^s below 

Step 1: We saw in Proposition 14.2.11 that there exists a Hilbert scheme -fff^, of finite 
type over Z, classifying K3 surfaces with a polarization of degree 2d which are embedded 
in a projective space via the third power of the polarization. One has then the universal 
family f : X ^ H^^^ and we know that Ox{^) = ^ f*M. for some ample line bundle C 
on X of degree 2c? and an invertible sheaf M. on Although the line bundle C with 

this property is not unique, its class \x = d{C) G Picp^/jjpr^ is uniquely determined as 
A|. = d{Ox{i))- Define the morphism of stacks 



2d- 



sending H^^^ to the pair {f : X ^ HY^.Xx)- By construction the self-intersection index 
{.^x,h^ ^x,h) is 2(i for any h G and \x is primitive so this morphism is correctly defined. 

Step 2: The morphism umih is surjective. This follows form the definition (cf. |LMB00l 
Def. 3.6]) and Lemma [3.2.41 Indeed, for any (vr: X — S", A) G J-'2d{S) one can find an 
etale cover S' ^ S such that tcs' '■ Xs' ^ S" is a K3 scheme and \s' is equal to the class 
of a relatively ample line bundle C on Xs' ■ By Lemma 11.2.51 the line bundle C'^ defines 
a closed immersion Xs' ^ ¥{113' ^.C^). Refining S' further if needed we may assume 
that ¥{7rs't,C'^) is isomorphic with P|f^^. Then the inclusion Xs' P(7r5'^£'^) satisfies 
the conditions of Proposition 14.2.11 by construction. Hence it corresponds to a morphism 
fx - S' ^ and we have that 

7rHiib(/x : S' Hl''^) = {ns' : X5/ S', A5/). 



Step 3: The morphism Trnub is representable and smooth. Let 5 be a scheme and 
suppose given a morphism S — > J^2d corresponding to a primitively polarized K3 space 
{tt: X — > S,X). We have to show that the product S x jp^^ H^^^ is representable by an 
algebraic space which is smooth over S (via pvi). By the surjectivity of TTniib one can find 
an etale cover S' of S and a projective embedding Xs' > defined by a very ample 

line bundle C^. It gives rise to a morphism S' —>■ with 

7rHiib(^' ^ HI',) = {Xs' ^ S', \s') G J'2diS'). 
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We claim that the product S' x jr^^ is represent able by a scheme isomorphic to 
PGL(9(i + 2)5/. For any S"-scheme U we have that 

g e Hom((X^ ^ ?7, A^;), Ti^m^iU ^ i/f;,)) in J'^d | 

where vrHiib(t^ ^ -^sd) ~ ('^t^ ~^ f^^-^A-lf/)- Any such morphism g gives rise to an 
isomorphism = Oxui^) ® fu-M. for some invertible sheaf Ai on U and hence an 
isomorphism 

But by condition [iii) of Proposition 14.2.11 we have an isomorphism 



U 



and hence we obtain an isomorphism F^ttu^C^) = This correspondence gives a 

bijection 

S' x^2^ H^^{U) ^ { isomorphisms ¥{ttu,C^) = K^^^ } 

and the right hand set can be identified with PGL(9(i + l)s'{U). For this we refer to the 
arguments given on pp. 101-103 in |Mum65j . Hence 5" x jc-^^ H^^^ is representable by the 



scheme PGL(9(i+ 1)5/ which is smooth over S'. 

We will show next that S Xjr^^ if^"^ is a smooth algebraic space over S. We have a 
surjective map of etale sheaves 

^r2d H^d S ^r2d H^^d- 

The product 

can be identified with the smooth ^-scheme (5" X5 5") Xjr^^ -f^sd- The natural morphism 
is quasi-compact and the two projection maps 

are etale as they correspond to the two etale projection morphisms S' Xs S' > S ■ 
Hence S x jr^^ H^^^ is an algebraic space, which is moreover smooth over S as it possesses 
a smooth atlas S' x jr^^ -f^f^ (over 5"). 

Step 4: Using Remark 4.1.2 (i) in |LMHOO[ Ch. 4] (or Prop. 4.4 in jl)M68p and 
Lemma l4. 3. 81 we see that the diagonal morphism A: J^2d ^2d Xz Tid is representable, 
separated and quasi-compact. Then we can apply Theorem 4.21 of |DM 68J to the mor- 
phism TTHiib : -f^srf ^2d and conclude that T2d is a Deligne-Mumford stack of finite type 
over Z. 



Step 5: We will show that the algebraic stack T2d is separated. As J^2d is of finite 
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type over Z one can use the valuative criterion for separateness from |DM68t Thm. 4.18] 
(cf. jLMBnni Prop. 7.8 and Thm. 7.10]). It reduces to showing that if (vTi: Xi S,\i), 
for i = 1,2, are two primitively polarized K3 spaces over the spectrum 5 of a discrete 
valuation ring R with field of fractions K, then every isomorphism / : {Xi^K, Xi^K) — > 
{X2 ® K, X2 ^ K) extends to a S'-isomorphism between [Xi, Ai) and {X2, A2). Note that 
after taking a finite etale covering of S we may assume that: 

(a) Xi are schemes, 

(b) Xi = ci(£j) for some ample line bundle Ci, 

(c) / gives an isomorphism of pairs / : (Xi ® K, Ci® K) — > (X2 ® K, C2, ^K). 

Then using jMM64t Thm. 2] (as a K3 surface is non-ruled) we see that / extends uniquely 
to an isomorphism between (Xi,£i) and {X2,C2)- 

Step 6: We are left to show that the natural inclusion J-'2d ^ A^2d is an open immersion. 
Take a noetherian scheme S and suppose given a morphism S —>■ Ai2d corresponding 
to a polarized K3 space (vr : X S, X). Let / : S" ^ S* be an etale covering such that 
TTs' '■ Xs' —>■ S' is strongly projective (cf. Step 2 in the proof of Theorem l4.3.3|) . According 
to Lemma f3. 1.61 the set of points 

S'° = {s E S' \ such that Xs',s is primitive} 

is an open subscheme of S'. The morphism / is etale and hence f{S'°) C 5 is also an 
open subscheme which represents S y-M2d -^'id- D 

Remark 4.3.9. Another possible proof of Theorem 14.3.31 is to use Artin's criterion 
(jLMBQOt Cor. 10.11]). This approach is taken up in j()1s04l Thm. 6.2] where M. 
Olsson constructs a compact stack of "polarized log K3 spaces" over Q. 



An immediate consequence of Theorem 14.3.31 is the existence of a coarse moduli space 
of polarized K3 surfaces. More precisely Corollary 1.3 in |KM97j says 



Corollary 4.3.10. The moduli stacks T2d (md M.2d have coarse moduli spaces which are 
separated algebraic spaces. 

Note that this argumet shows that J-'2d and J^2d are global quotient stacks. 
Before going on we will shortly outline how one can obtain stronger results on coarse 
moduli schemes of polarized K3 surfaces in characteristic zero. 

Approach via periods of K3 surfaces. As we mentioned in the beginning of this 
section one can use analytic methods to construct a coarse moduli scheme of primitively 
polarized K3 surfaces. Consider the complex space 

= {uje F{L2d ® C) I iJ2d{uj, u) = and iJ2d{uj, lj) > 0} 

which consists of two connected components. It can be identified with the space 

SO(2,19)(M)/(SO(2)(M) x S0(19)(M)). 

Let denote one of its connected components, say corresponding to 

SO(2,19)(M)+/(SO(2)(M) x S0(19)(M)), 
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where S0(2, 19)(M)"^ is the connected component of S0(2, 19)(M) containing the identity. 
It is a bounded symmetric domain of type IV and of dimension 19. Let F be the group 
{g G 0(Vo)(Z) I g{ei — dfi) = ei — dfi} and denote by F"*" the subgroup of F of index 2 
which consists of isometries preserving the connected components of Q^. Then F"*" acts 
on properly discontinuously and the space Q~^/r^ is a coarse moduli scheme for prim- 
itively quasi-polarized complex K3 surfaces of degree 2c?. There is an open part of 
such that fi^/F"*" is a coarse moduli scheme for primitively polarized complex K3 surfaces 
of degree 2d. For details and proofs we refer to ^BBD85, Exp. XIII]. The existence of a 
coarse moduli scheme is Proposition 8 in loc. cit.. 

Approach via geometric invariant theory. Let k be an algebraically closed field 
of characteristic zero. Then using the techniques of |Vie95l Ch. 8], and more precisely 



58.2 (see Theorem 8.23), one can prove that the moduli functor J-'2d ® k (respectively 
M.2d ® k) has a quasi-projective coarse moduli scheme over k. Indeed, one has that 
Assumptions 8.22 in [Vie95l §8.2] are satisfied: 

(i) The functor is locally closed. This follows from the proof of Proposition 14.2.11 

(ii) The separateness property is shown in Step 2 of the proof of Theorem 14.3.31 

(iii) The functor is bounded by Theorem 11.2.21 See also Remark 8.24 in loc. cit. and 
note that the condition 'tu^ is trivial' is a locally closed condition. 

One actually shows that the scheme in question is H^^^^k/ PGL(A)fc (respectively H^^d® 
kj PGL(A)fc) for a suitable A e N. 

Combining the approach to coarse moduli schemes via geometric invariant theory and 
Corollarv 14 . 3 . 1 01 we conclude that J^2d,(Q (respectively M.2d<ii) has a quasi-projective coarse 
moduli scheme. 

Proposition 4.3.11. The moduli stacks T^d one? M.2d ore smooth of relative dimension 
19 overZ[^]. 

Proof. According to 'LMBOOi Prop. 4.15] we have to show that for any strictly henselian 
local ring R and surjection Spec(i?) Spec(i?') defined by a nilpotent sheaf of ideals one 
has that the natural map 

IIom(Spec(i?'),-^2d,z[i/2<i]) ^ IIom(Spec(i?), J'2d,z[i/2d]) 

is surjective. Since R is strictly henselian every K3 space over Spec(i?) is a K3 scheme 
and the same holds for spaces over Spec(i?') (see |GD67l EGA IV, 18.1.2]). Hence by 
Lemma 14.1.31 we conclude that J^2cz,z[i/2rf] is smooth over Z[l/2(i]. 

The same argument applies also to the dimension claim. Since every K3 space over 
Spec(/c[e]/e^) is a K3 scheme we conclude from Theorem 14.1.21 that the dimension of 
^2d,z[i/2d] at every point is 19. 

This proof also shows that A^2d is smooth of relative dimension 19. □ 

Remark 4.3.12. Since smoothness will be essential for all our further considerations, 
unless explicitly stated, by J^2d (respectively A^2d) we will mean the smooth stack T2d®'L 
Z[^] (respectively A<2d®zZ[^]) over Spec(Z[^]). 

We will end this section speculating about other possible moduli spaces and functors 
of polarized K3 surfaces. Note first that one could have started with a moduli functor 
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J^2^ of (primitively) polarized K3 schemes of degree 2d. The problem we came up with 
restricting only to schemes was proving effectiveness of descent for K3 schemes. For this 
reason one takes the "etale sheafification" of ^^2^ considering (primitively) polarized K3 
spaces. This makes the descent obstruction essentially trivial. 

Next, one can consider deformations of polarized K3 surfaces as in Section 14.11 by 
algebraic spaces and not only schemes. For a polarized K3 surface (Xq, Aq) over an 
algebraically closed field k define 



to be the functor sending an object A of A to the isomorphism classes of triples (A", A, 0o) 
where {X Spec (A), A) is a polarized K3 space and 0o is an isomorphism 0o : ®a 
k = {Xo,Co)- Combining Theorem gSISl T.emma OTTTI and |LMHnn[ Cor. 10.11] we 
conclude that DefAigSp is pro-representable, formally smooth and of dimension 19. 



Recall that for an abelian scheme {A, A) over a base scheme S and a natural number n 
which is invertible in 5* one defines a (Jacobi) level n-structure on A to be an isomorphism 
6: A[n] (%jn£)s of etale sheaves on S satisfying some further properties. In other 
words, one uses the Tate module of an abelian variety in order to define level structures. 
For a K3 surface X we will use the same idea applied to ifgt(Xg, Z;(l)). More precisely, 
we will introduce the notion of level structures on primitively polarized K3 surfaces of 
degree Id corresponding to open compact subgroups of S0(V2d, '?A2cz)(A/) (see below) and 
define moduli spaces of primitively polarized K3 surfaces with level structures. We set up 
some notations first. 

• All schemes in this section will be assumed to be locally noetherian. 

• For a finite set of primes !^ = {pi, . . . ,Pr} we denote by the product Ylpe^g 
and by the product of the primes in 

• We fix a natural number d. We shall use the notations L2d,.<^ and Lq^^ for the 
quadratic lattices L2d <S> Z,^ and Lq ® Z,^ (cf. Section 123]). 

• Let K C S0(V2d)(Z) be a subgroup of finite index and let ^ = {pi, . . . ,pr} be the 
set of prime divisors of 2d and primes p for which Kp ^ S0(V2d)(Zp). We denote 
by the product Hpe.:^^?- 

5.1. Level Structures. Let S" be a connected scheme over Z[ — — ] and suppose given a 
polarized K3 space (tt: X — > 5, A) of degree 2d. Let P'^^i^JL^iX) be the sheaf of primitive 
cohomology i.e., the orthogonal complement of Ci(A) in i?g^.7r^,Z^(l). Take a geometric 
point 6 of S" and let h: Spec(/c(6)) ^ S* be the corresponding morphism of schemes. 
Consider the free Z,<^-module of rank 21 



i.e., the fiber of P]:^T^^%ag{X) at h with its action of vrf^(S', 6) and the bilinear form i^^igg- 
Suppose given an class in the set 



DefAigSp(^o, Ao) : A Sets 



5. Level Structures of Polarized K3 Surfaces 



P2(5) := VplTr,'L,,{l) 
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where K^g acts on Isometry(L2d,z^, on the right via its action on L2d,Zsg and 

Trf^{S,b) acts on the left via its action on P'^{b). Let b' be another geometric point 
in S. The determines uniquely a class in 

■ = (5,b') 

K^\Isometry(L2d,z,^,P'(&')) 



in the following way: One can find an isomorphism 

(7) 6^:7it^{S,b) = nt^{S,b') 

and an isometry 

determined uniquely by 6-,,, mapping ci{Xi) to ci(Ap), such that 5et(7 ■ x) = 5,^(7) ■ 6et{x) 
for every x G H^^{Xi,Z,gg{l)) and 7 G 7rf^(S', 6). The isometry ^et defines an isometry 
between P^(6) and P^{b') which we will denote again by 5ct- Let a be a representative 
of the class ai. Then the class ay of 5et o a in K<^\Isometry(L2d,^, -P^(&')) 7rf^(S', 6')- 
invariant. Any other representative oti of 05 differs by an element in and hence gives 
rise to the same class ay in K<g\Isometry(L2d,^, • 

Any two isomorphisms (|7j) differ by an inner automorphism of Ti'f^{S,b) and therefore 
we see that that class of d^t o a is independent of the choice of an isomorphism ((Tj) . 

This remark allows us to make the following definition. 

Definition 5.1.1. A lev el "K- structure on a primitively polarized K3 space (vr: X ^ S", A) 
over a connected scheme S G (Sch /Z[l/pi . . .p^]) is an element of the set 

j\Isometry(L2d,Zsg, ^^W) 

The group ]K,<^ acts on Isometry (L2d,z^, (6)) on the right via its action on i^2d,z<a and 
T:^^{S,b) acts on the left via its action on P'^ib). In general, a level K-structure on 
(tt : X ^ S*, A) is a level K-structure on each connected component of 5*. 

If a: Lid,:M — > Pet(fi) is a representative of the class a, then via the isomorphism 

a^^: 0(\/2d)(Z^) = 0(p2(6))(Z^) 

the monodromy action 



p:vrf^(^,6)^0(P^(6))(Z, 



factorizes through a (K 



Remark 5.1.2. If all residue fields of the points in S in Definit ion 15 . 1 . 1 1 are of character- 
istic zero, then one can define a level K-structure to be an element of set 

|K\Isometry(L2,i,P'(6)) " 

where P^b) := b*P^,7TMl). 

We will consider two important examples of level structures on primitively polarized 
K3 spaces. 
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Example 5.1.3. Fix a natural number n and consider the group 

K„ = {7GS0(^d)(Z)|7 = l (modn)}. 

Then the set consists of the prime divisors of 2dn. We will give a direct interpretation 

of level K„-structures. 

Let S" be a scheme over Z[l/2(in] and consider a primitively polarized K3 space (vr : X — > 
A) of degree 2d. As usual we denote by Pj.7r,,(Z/nZ)(l) the orthogonal complement of 

Ci(A) in i?g^7r,,(Z/nZ)(l) with respect to the bilinear form ipn = ®z Z/nZ. Then a level 

K„-structure amounts to giving an isomorphism 

of etale sheaves on S, where {L2d,z/nz, 'ip2d,z/nz) s is the constant polarized etale sheaf over 
S with fibers {L2d,4'2d) ® Z/nZ. 

We will call level a ]K„-structure on X simply a level n-structure. 

Example 5.1.4. Let G be the algebraic group S0{V2d) over Q. Consider the even Clifford 
algebra G'^{V2d, '4'2d) over Q and let Gi be the even Clifford group over Q. In other words 
we set 

Gi = CSpin(F2d) = {9^ G^{V2dy \ gV2dg'' = V2d}. 

The natural homomorphism of linear algebraic groups Gi ^ G given hj g ^ {v ^-^ gvg^^) 
fits into an exact sequence (see |Del72l §3.2]) 

O^Q^^Gi^G ^0. 

Set Gi(Z) to be Gi(Q) n C+(L2d)*. We have an exact sequence (see |And961 §4.4]) 

(8) ^ Z/2Z ^ Gi(Z) ^ G'(Z). 

For a natural number n denote 

r„ = {7 e G(Z) I 7 = 1 (modn)} 

and 

r^P ={je Gi(Z) I 7 = 1 (mod n) in ^+(^2,)}. 

If n > 2, then r„ and are torsion free. Hence one sees from the exact sequence (jH)) 
that r^P is isomorphic with its image Fj^ in G(Q). 
Consider the group 

= {7 e G'i(Z) |7 = 1 (mod n) in C+iL,,^^)}. 

We have that K^p nGi(Q) = F^p. Moreover the image of K^p in G(Z) is of finit e index. 
Indeed, for every / not dividing 2nd, the /-component of is G{1ji) as shown in |And96[ 
§4.4]. Hence the set for is the set of prime divisors of 2dn. 

We consider polarized K3 surfaces with level K^-structure. Note that this level structure 
is in general finer than level K„-structure as C K„ is of finite index. We will call it 
spin level n-structure. 
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5.2. Motivation. We will pause here and give a motivation for the rest of the definitions 
we make in this section. So far we have defined level K-structures using the primitive 
second etale cohomology group of a polarized K3 surface. Using these level structures 
one can define moduli stacks J-'2dM. of primitively polarized K3 surfaces of degree 2d with 
a level K-structure and show that they are algebraic spaces (cf. Theorem 16.1.21 below). 
Over C, we can relate these spaces to the orthogonal Shimura variety associated to the 
group S0(2, 19). More precisely in Chapter 3, Section 3.4.2 of [R,iz05j we define a period 
morphism 

3d,K,C- -^2d,IK,C ^ 5/lK(SO(2,19),fi±)c 

which is etale. This is similar to the case of moduli of abelian varieties where one can 
identify ^g,i,n ® C with S'/iA„(CSp2g, iD^)c- In general, due to the fact that the injective 
homomorphism (0) 

t^^: {g e SO(K,)(Z) I gie, - dh) = d - df,} ^ S0(F2d)(Z) 

defined in Section 12.11 is not surjective, the period map jd,K,c need not be injective. In 
order to construct an injective period morphism we will define level structures using the 
"full" second etale cohomology group of a K3 surface. We use these full level structures 
in j Riz05| Ch. 3] to show that every complex K3 surface with complex multiplication by 
a CM-field E is defined over an abelian extension of E. 



5.3. Full Level Structures. The inclusion of lattices i: ^ Lq (see Section l2.ip 
defines injective homomorphisms of groups 

i^: {g e 0(Vo)(Z) I g{e, - dh) = d - dh} OiV^d)^ 

and 

t^: {g e SO(K))(^) I g{e, - dh) = e, - dh} S0(y2d)(Z). 

Definition 5.3.1. A subgroup K C S0(V2d)(Z) of finite index is called admissible if it is 
contained in the image 

z^{{g e SO{Vo){Z) I g{e, - dh) = ei - dh}) C S0(l^2rf)(Z). 

If K is an admissible subgroup of S0(V2d)(Z) then all its subgroups of finite index 
K' C K are also admissible. 

Example 5.3.2. The group K2d is admissible. Hence all its subgroups of finite index are 
admissible, as well. 

Example 5.3.3. U d = 1 then ]K„ is admissible for any n >2. 

Let K be an admissible subgroup of S0(V2d)(Z) and let ^ be the set, consisting of all 
prime divisors of 2d and, of the primes p for which Kp ^ S0{V2d) (^p)- Using the notations 
introduced before Definition 15. 1. II we set 

H\b) := 5*i?,V,Z^(l). 

In order to simplify the notations we will identify a subgroup of {g G SO(Vo)(Z) | g{ei — 
dfi) = ei — dfi} with its image in S0(V2d)(Z) under the injective homomorphism i'^'^. 
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Definition 5.3.4. A full level K-structure on a primitively polarized K3 space (vr: X — > 
S, A) over a connected sclieme S G (Sch /Z[l/pi . . .p^]) is an element of the set 

I K^\{g G Isometry(Lo,Za,i/^(6)) | g{ei - dh) = Ci(As)} | 

The group acts on \^g G Isometry(Lo,Zg8 5 -f^^(^)) I g{^i — dfi) = Ci(A^)} on the right 
via its action on Lo^Zog and nf^{S, b) acts on the left via its action on H^(b). A full level 
K-structure on (vr : X ^ 5*, A) over a general base S* is a full level K-structure on each 
connected component of S. 

Again, a class ai for a geometric point b as above determines uniquely a class aj/ for 
any other geometric point b'. If a: Lq^_<^ — > H'^{b) is a representative of the class a, then 
via the isomorphism 

0{yo){Z.^) = 0{H\b)){'L.j) 
the monodromy action p: T[f^{S,b) —>■ 0{H'^{b)){Zj^) factorizes through a^'^{Kgg). 

Example 5.3.5. Let n > 3 be an integer. Define the group 

K':'' ={ge SO{Vo){Z)\ g{ei - dfi) = d - dfi and g = 1 (mod n)}. 

By definition it is an admissible subgroup of S0(V2d)(Z). Let S' be a scheme over 'Z[l/2dn] 
and consider a K3 space (vr : X ^ 5*, A) with a primitive polarization of degree 2d. Then 
a full level K^"^^-structure amounts to giving an isomorphism 

On: {Rlt7r4'^/nZ){l),ij) ^ (Lo,z/nZ, V^o,z/nz)5 

of etale sheaves on S, where (i^o,z/nZ, V^o,z/nz)5 is the constant polarized etale sheaf over 
S with fibers {Lq,iIjq) Z/nZ. 

We will call a full level K^"-structure on X simply a full level n-structure. 

6. Moduli Spaces of Polarized K3 Surfaces with a Level Structure 

In this section we will use the notion of a (full) level structure level structure to define 
moduli functors of primitively polarized K3 spaces with a (full) level structure. Using 
Artin's criterion and Proposition 13.4.21 we will show that these functors are representable 
by algebraic spaces over open parts of Spec(Z). 

We shall be using the notations established in the beginning of Sect ion I^TTl In particular 
we fix a natural number d. To a subgroup IK of S0(V2d)(Z) we associated a finite set of 
primes ^ and X^ will denote the product of these primes. 

6.1. Moduli of K3 Surfaces with Level Structure. Let IK be a subgroup of SO(Z) 
of finite index. We will assume further that it is contained in IK„ for some n > 3. Let 
'^1 = (tti : Xi — >• 5*1, Al) and X2 = {112: X2 S2) be two objects of J-'2d- Suppose that 
5*1 and 5*2 are connected and let {f,fs) £ Hom(A'i,A'2) (in J^2d)- Let bi and 62 be two 
geometric points of 5*1 and 5*2 such that fs(bi) = 62- Then the morphism / defines a 
homomorphism f*^: P^(62) -P^(^i)- Hence we obtain a map 

IK.^\Isometry(L2d,Zo„«,^^(^2)) ^ IK.^\Isometry(L2d,Zsg, ^'^(&i)) 
given by q; 1-^ f*^ o a and commuting with the monodromy actions on both sides. 
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Definition 6.1.1. For d and IK as above consider the category J-'2d.'K defined in the 
following way: 

Oh: Triples (vr : X — ^ 5*, A, a) of a K3 space tt : X — > S* with a primitive polarization A 
of degree 2d and with a level K-structure a on (vr : X S*, A) . 
Mor: Suppose given two triples Xi = (tti : Xi Si,Xi,ai) and X2 = (712: X2 

5*2, A2, 0:2). Let fs- Si ^ 5*2 be a morphism of schemes. Choose base geometric 
points b[ and 62 on any two connected components S[ and 6*2 of 5*1 and S2 for 
which f : S[ ^ S2 such that fs(b'i) = h^- Define the morphisms between Xi and 
X2 in the following way 

Hom(A'i, A'2) = {pairs {fs,f) \ fs- 5*1 ^ 5*2 is a morph. of spaces, 

/: Xi — i> X2 X52,/s "^1 is isom. of 

5*1 — spaces with /*A2 = Ai and 

/^(ai) = a2 on any conn. cmpt. of Si^ 

Next we define three projection functors. 

1. Consider the following forgetful functor 

Pr:F2^,K- ^2d,K (Sch/Z[l/X^]) 

sending a triple (vr: X — > S,X,a) to S. It makes J-'2dK into a category over 
(Sch/Z[l/X^]). 

2. For any K, satisfying the assumptions of the beginning of the section, one has a 
projection functor 

(9) prK ■ ^2d,K — ^ ^2d,Z[l/N^] 

sending a triple (vr : X S, \,a) to (vr : X S, A) and an element (/, fs) G 
Rom{X,y) of T2d,Kto if, fs). 

3. For any two subgroups Ki C IK2 of finite index in S0(V2d)(Z) (contained in some 
K„ for n > 3) one has a projection functor 

(10) Pr{Ki,K2) ■ ^ 2d,Ki,Z[l/Ars8iu«2l ~^ 2<i,K2,Z[l/Af<aiu«2]- 

It sends an object (X 5*, A, aid ) ~^ "S*, A, 0:^2) where 0^2 is the class of 

in ]K2„5^\Isometry(L2d,z;gg,P^(&)). Morphism of J^2d,Ki,z[i/Jv,g8ju«2] ^"^^ mapped 
to morphism of J^2d,K2,z[i/Af<aiu»2l obvious way. 

From the definitions of the functors we see that prR^ = W{^x^2) °Wk2 over Z[l/X^g'^u,«2]- 

Theorem 6.1.2. The category J-'2d,K is a separated algebraic space over Z[l/X^]. It is 
smooth of relative dimension 19 and the forgetful morphism ^ 

P^K'- ^2d,K ^2d,Z[l/Nsg] 

is finite and etale. 

Proof. We divide the proof into several steps. 

Step 1: The category J^2d,K is a stack. The proof goes exactly in the same lines as the 
one of Lemma f4. 3. 71 We will use Artin's criterion (cf. (LMBOO^ Cor. 10.11]) to show that 
J^2d,K is an algebraic space. 
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We claim that the diagonal morphism A : J^2d,K ^2d,K Xi[i/Nag] ^2d,K is represent able, 
separated and of finite type. By Remark 4.1.2 in |LMB00j it is equivalent to showing 
that for any two objects X = {X S, \x, cnx) and y = (Y ^ S, Ay, ay) the functor 
Isom5(A',3^) has these properties. We will prove first the following result. 

Lemma 6.1.3. For any object X of J^2d,K we have that Ants{X) = {id;^^}. 

Proof. By assumption the group K is contained in K„ for some n > 3. Hence a level 
K-structure on a primitively polarized K3 space {X — > S, A) defines in a natural way 
(using the functor pr(^K,K„)) a level n-structure a„ on X. We have that 

Auts((X S,X,a)){U) C Aut5((X ^ ^, A, «„))([/) 

for an ^-scheme U hence it is enough to prove the lemma assuming that K = K„. 

Let X = {X ^ S,X,a) be an object in J-'2d,K, let / G Auts{X){U) and assume that 
U is connected. Take a geometric point b: Spec(r2) — > U. Then for the finite set ^ = 
{the prime divisors of n} the morphism / induces an automorphism 

/:,: H',,iX-,,Z,Al)) ^ HliXj,,Z,^il)) 

fixing ci{Xi) and such that 

/:,: P,2,(X5,Z/nZ(l)) P|,(X5,Z/nZ(l)) 

is the identity (cf. Example I5.1.3p . As the automorphism / is of finite order we have that 
/*t e 0(Pg^^.(X^, Z<^(1))) is semi-simple and its eigenvalues are roots of unity. We have 
further that f*^ = 1 (mod n) so we conclude by |Mum74| Ch. IV, Application II, p. 207, 
Lemma] that /*^ is the identity automorphism of P^^{Xi, Z.<^(1)). As it fixes Ci(A^) we see 
that it acts as the identity on H^^{Xi,Z,^{l)). Therefore by Proposition 13.4.21 we that 
/ = idx^- As the geometric point b can be chosen arbitrary we have that / = id;^'^. □ 

We see from the lemma that for a S'-scheme U the set Isom5(A', y){U) is either empty 
or it consists of one element. Indeed, suppose that /, G lsoms{X ,y)(U) for i = 1,2. 
Then the composition f2^ o f^ belongs to Auts{X){U) and hence it is the identity. This 
shows that lsoms{X, y) is representable and of finite type. The fact that it is unramified 
and separated over 5* follows from Lemma 14.3.81 as one has that 

lsoms{X,y){U) C Isoms((X ^ ^, A^), {Y -> S,Xy)){U). 

Next we claim that the stack J-'2d,K is locally of finite presentation. This follows from 
|A(tV7H Expose IX, 2.7.4] and the fact that J-'2d is locally of finite presentation. Con- 
ditions (Hi) and (iv) of |LMBnn| Cor. 10.11] follow from the corresponding properties 
of J-'2d and the fact that for any small surjection of rings R —>■ R' the category of etale 
schemes over R is equivalent to the category of etale schemes over R' ( |GD67| EGA IV, 
18.1.2]). 

Thus J-'2d,K is an algebraic stack. As Auts{X) = {id^i-} for any object we have that 
J-2d,K is an algebraic space ( |LMB00l Cor. 8.1.1]). 

Step 2: We will show that the morphism of algebraic stacks pr^: J^2d,K — ^ ^2d,z[i/Nsg] is 
representable and etale. Indeed, let S" be a connected scheme and suppose given a mor- 
phism S — i> J-'2d i-e., a polarized K3 space (vr: X — >■ 5", A) over S. Let b: Spec(fi) — >• be 
a geometric point of S. Let p: Tr^^^{S,b) 0{P^(b)) be the monodromy representation 
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and let a: L2d,gg P^{h) be an isometry. Then the preimage o a^^(K^) is an open 
subgroup of 7rf^(S', 6) (of finite index) and hence it defines an etale cover Sa of 5*. One 
has that the class a of a in K<^\Isometry(L2d,Zgj5 -P^(^)) is 7rf^(S'Q,, 6)-invariant by con- 
struction (for a fixed geometric point h E Sa over h). Therefore we obtain a primitively 
polarized K3 space (X^^ — > S^jAs-ja) with a level K-structure a. For two markings di 
and di2 we have that a.\^(JLag) = a|'^(K^) if and only if o is an element of the 
normalizer iVo(y2^)(z<a)(K<^) of Kgg in 0(V2d)(Zi^)- 

Denote by 5" the disjoint union of 5"^ where a runs over all (finitely many) classes in 
0(V2rf)(Z^)/Ai'o(y2d){Zgj)(IK.<^). Let {X' — > S", A5/, a) be the primitively polarized K3 space 
with a level K-structure given by the triple (X^, — > S'Q,,A5g,a) on the a-th connected 
component Sa of S'. Then by construction we have a morphism of algebraic spaces 

Tc: S' ^ S x^2d,z[i/]V3ji -^ad.K 

over S. This morphism is surjective. Indeed, by |LMB00l Prop. 5.4] this condition can be 
checked on points, in which case it is obvious by construction. The morphism S" — ^ S* is 
etale and therefore we conclude that pr^^s- S ^T^diyiiNa^x -^srf.K — ^ S and vr are also etale. 
Hence prg is etale. 

Step 3: By Step 2 and Theorem 14 . 3 . 31 the algebraic space T^d^ is smooth and of relative 
dimension 19 over Z[l/A^.^]. □ 

Remark 6.1.4. Let Ki C IK2 C K„ be subgroups of finite index in S0(V2(i)(Z) and 
suppose that n > 3. Then the morphism ()10|) of algebraic spaces 

is finite and etale. This follows from the theorem above and the relation prK^ = P?"k2 ° 

P^(Ki,K2)- 

Example 6.1.5. Let n > 3 be a natural number. Consider the group ]K„ defined in 
Example 15.1.31 We define T2d,n = •^2d,K„ to be the moduli space of primitively polarized 
K3 surfaces with level n-structure over Z[l/2(in]. 

Example 6.1.6. Fix a natural number n > 3 and consider the group defined in 
Example 15.1.41 We define J-'2d,n?p = ^2d,K^ to be the moduli space of polarized K3 surfaces 
with spin level n-structure over 'L[l/2dn\. 

6.2. Moduli K3 Spaces with Full Level Structures. Suppose that IK C ]K„ for 
some n > 3 is an admissible subgroup of S0(V2(i)(Z). Let Xi = (tti : Xi 5*1, Ai) and 
X2 = (vr2 : X2 S2) be two objects of J-'2d- Suppose that 5*1 and 5*2 are connected and let 
(/; fs) £ Hom(A:'i, X2) (in J^2d)- Let bi and 62 be two geometric points of and S2 such 
that fs{bi) = &2- Then the morphism / defines a homomorphism f*^: H'^{b2) H'^{bi) 
sending the class of Aj^ to the class of A^^. Hence we obtain a map 

f^: K^\{ g e Isometry (Lo,z^,i?^ (62)) | 5'(ei - rf/i) = Ci(A2,fcJ } ^ 
K^\{ g e Isometry (Lo,z^,P^ (61)) | g{ei - dfi) = Ci(Ai 5j } 
given by a f*^ o a and commuting with the monodromy actions on both sides. 
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Definition 6.2.1. For a natural number d and an admissible subgroup K of S0(V2(i)(Z) 
as above consider the category J?^2d\ defined in the following way: 

Ob: Triples {n : X S, X, a) of a K3 space tt: X ^ S over S with a primitive polar- 
ization A of degree 2d and with a full level K-structure a on {tt : X —* S, X). 
Mor: Suppose given two triples Xi = (vri : Xi — > S'i,Ai,ai) and X2 = (712: X2 

5'2,A2,q;2)- Let fs- Si ^ S2 be a morphism of schemes. Choose base geometric 
points b'l and 62 ^-^^y two connected components 5'( and S2 of 5*1 and 5*2 for 
which f : S[ ^ S2 such that fs(J>[) = 62- Define the morphisms between Xi and 
X2 in the following way 

Hom(A'i, ^"2) = {pairs {fs,f) \ fs- Si —> 5*2 is a morph. of spaces, 

f : Xi X2 >^S2js Si is an isom. of 
5*1 — spaces with /*A2 = Ai and 
/^(ai) = a2 on any conn. cmpt. of S'l} 

A full level K-structure a on a primitively polarized K3 space (X S, A) defines in a 
natural way a level K-structure via the injective morphism 

^z^- 9 e Isometry(Lo,z5s,^^(^)) I 9{ei - dfi) = Ci{Xi) } ^ 

^ Ko;g\lsometYj[L2d,Zgs,P'^{b)) 
commuting with the monodromy action. This morphism is defined by the embedding of 
lattices i: L2d ^ Lq (see ((H) in Section EH}. Using this, just like in the case of moduli of 
primitively polarized K3 surfaces with a level structure, we define natural functors. 

4. Define a functor 

sending (X — > 5, A, a) to (X, — > S", A, which makes T^^-^ into a full subcat- 

egory of T2d^ over (Sch /Z[l/X^]). 

5. One has the forgetful functor 

(11) P'^K: ^2d,Z[l/Nss\ 

sending a triple (vr : X — > 5, A, a) to (tt : X S', A) and an element (/, fs) G 

6. For any two admissible subgroups Ki C K2 of S0(V2(i)(^), contained in some K„ 
for n > 3, one has a projection functor 

(12) P'^CKi.Ka) : •^2d!Ki,Z[l/Ar,^^u«2l ^ •^2d!K2,Z[l/Af<a^usa2l 

defined in a similar way as the corresponding morphism (fTIHl in 3. 

The functors pr^ and pr(Ki,K2) defined above are the restrictions of the corresponding 
functors Q and ()10|) to the category of primitively polarized K3 surfaces with full level 
Kj-structures via for j = 1,2. 

Theorem 6.2.2. Let K be an admissible subgroup c»/S0(V2d)(Z) contained in K„ for some 
n > 3. The category J^l'^]^ is a separated, smooth algebraic space of relative dimension 
19 over Z[l/X^]. The morphism p2d,K - ~^ ^2d,z[i/Ngg] is etale and the morphism 

Ik '■ ^2d^ ^2d,K is an open immersion. 
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Proof. To prove that J^2d\ representable by an algebraic space of finite type over 
7j[1/N^^] one follows the steps of the proof of Theorem 16.1.21 In this way we also see 
that the projection morphism p2d,K- -^mk ~^ ^2d,z[i/Nsg] is finite and etale. Therefore we 
have a commutative diagram 

•r-full 




where the two morphisms p2d,K are etale and surjective. Hence is also etale and therefore 
it is open. □ 

Remark 6.2.3. Let Ki C K2 be two admissible subgroups of S0(V2d)(Z). Then the 
morphism of algebraic spaces 

„^ . -r-fuU ^ -r-fuU 

is finite and etale. This follows from the theorem above and the relation pr^^ = pr^^ ° 

^'"(Ki.Ka)- 

Example 6.2.4. Let n > 3 be a natural number. Consider the group K^" defined in 
Example 15.3.51 We define J-'l^n ~ -^m^u" moduli space of primitively polarized 

K3 surfaces with full level n-structure over Z[l/2c?n]. 
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